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The Hidden Flat Like Universe II
Quasi inverse power law inflation by f(T ) gravity
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In a recent work, a particular class of f(T ) gravity, where T is the teleparallel torsion scalar, has
been derived. This class has been identified by flat-like universe (FLU) assumptions [1]. The model
is consistent with the early cosmic inflation epoch. A quintessence potential has been constructed
from the FLU f(T )-gravity. We show that the first order potential of the induced quintessence is
a quasi inverse power law inflation with an additional constant providing an end of the inflation
with no need to an extra mechanism. At e-folds N∗ = 55 before the end of the inflation, this
type of potential can perform both E and B modes of the cosmic microwave background (CMB)
polarization pattern.
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I. INTRODUCTION
Inflation currently represents a leading frame exploring
possible overlaps between gravity and quantum field the-
ory and explaining the initial conditions of our universe.
Cosmic inflation is a very early accelerating phase usually
represented by an exponential expansion just ∼ 10−35 sec
after the Big Bang. As a result, the universe becomes an
isotropic, homogeneous and approximately flat. Stan-
dard inflation assumes existence of an inflaton (scalar)
field, whose potential governs the inflation model. This
implies a special treatment of the scalar field on a curved
spacetime background. During this stage when the initial
quantum fluctuations cross the horizon it transforms into
classical fluctuations. In the acceptable inflation mod-
els, the spectrum of the produced fluctuations are tiny
deviated from being a scale invariant. The deviations
from the scale invariant spectrum are according to the
considered potential. At the end of the inflation when
the inflaton potential drops to its effective minimum, it
allows the scalar field to decay through a reheating pro-
cess restoring the big bang nucleosynthesis epoch. Dur-
ing this stage the primordial fluctuations transform into
photon and matter fluctuations. Later this causes the
CMB anisotropy, which has an important impact on the
structure formation at later stages.
As is well known, the primary CMB temperature sig-
nal is snapshot of acoustic oscillations at recombina-
tion, i.e. red-shift z ∼ 1100. The CMB polariza-
tion pattern can be decomposed into two components:
(i) Curl-free (gradient-mode) component, called E-mode
(electric-field like), generated by both the scalar and
tensor perturbations at recombination and reionization.
(ii) Grad-free (curl-mode) component, called B-mode
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(magnetic-field like), generated by vector or tensor per-
turbations, e.g by gravitational waves from inflation.
Recent measurements of the fluctuations by the Planck
satellite [2, 3] and the BICEP2 experiment [4] provide
good constrains on the assumed inflation potentials, go-
ing backwards in time allowing to choose the right initial
inflationary potential. These measurements may define
two inflation observable parameters, the spectral scalar
index (scalar tilt) ns and the tensor-to-scalar ratio r.
Some models predict only E-modes so that their tensor-
to-scalar ratios having small values, while others predict
B-modes so they having large tensor-to-scalar ratios.
Also, inflation has been treated within modified grav-
ity theories framework such as F (R) gravity. The F (R)
action in Jordan frame transforms into Einstein-Hilbert
action plus scalar field in Einstein frame by means of a
conformal transformation. This allows to define a scalar
field potential in terms of the F (R) theory under con-
sideration. In the F (T ) theories, where T is teleparallel
torsion scalar, the case is different due the lack of the
invariance under conformal transformation. In a recent
work, we have developed an alternative technique by us-
ing a semi-symmetric torsion in F (T ) cosmic applications
[1]. This allows to map the torsion contribution in the
modified Friedmann equations into a scalar field.
The organization of the work can be presented as fol-
lows: In Section II, we define the used notations and
the F (T ) gravity theories in addition to a summary on
a particular class of F (T ) gravity motivated by FLU as-
sumptions. In Section III, we design an initial inflation
potential capable to perform double tensor-to-scalar ra-
tios for a single scalar tilt parameter. We suggest the
obtained potential to perform both E and B modes of
the CMB polarization. In Section IV, we consider the
case of the semi-symmetric torsion tensor, when the tor-
sion potential is made of a scalar field. In a previous
work, we have studied the simplest case of the obtained
potential. We extend our investigation, here, to include
higher order effects of the potential. The model predicts
2a quasi inverse power law inflation with a graceful exit
with no need to an additional mechanism. A more in-
teresting results are obtained by calculating the slow roll
parameters of this model showing its predictions of the
inflation observable parameters. Finally, the work is con-
cluded in Section V.
II. NOTATIONS AND BACKGROUND
Teleparallel geometry has provided a new scope to ex-
amine gravity. Within this geometry a theory of gravity
equivalent to the general relativity (GR), the teleparallel
theory of general relativity (TEGR), has been formulated
[5]. The theory introduced a new invariant (teleparallel
torsion scalar) constructed from the torsion tensor in-
stead of Ricci invariant in the Einstein-Hilbert action.
Although, the two theories are equivalent on the field
equations’ level, they have different qualities on their La-
grangian’s level. Some applications in astrophysics are
given in [6–12]. We show below the main construction of
the teleparallel geometry.
A. Teleparallel space
In this section we give first a brief account of the ab-
solute parallelism (AP)-space. This space is denoted in
the literature by many names teleparallel, distant paral-
lelism, Weitzeno¨ck, absolute parallelism, vielbein, paral-
lelizable space. Recent versions of vielbein space with a
Finslerian flavor may have an important impact on phys-
ical applications [13–16]. An AP-space is a pair (M, ha),
where M is an n-dimensional smooth manifold and ha
(a = 1, · · · , n) are n independent vector fields defined
globally on M . The vector fields ha are called the paral-
lelization vector fields.
Let ha
µ (µ = 1, ..., n) be the coordinate components
of the a-th vector field ha. Both Greek (world) and Latin
(mesh) indices are constrained by the Einstein summa-
tion convention. The covariant components haµ of ha are
given via the relations
ha
µhaν = δ
µ
ν and ha
µhbµ = δ
b
a, (1)
where δ is the Kronecker tensor. Because of the indepen-
dence of ha, the determinant h := det(ha
µ) is nonzero.
However, the vielbein space is equipped with many
connections [17–20], on a teleparallel space (M, ha),
there exists a unique linear connection, namely
Weitzenbo¨ck connection, with respect to which the par-
allelization vector fields ha are parallel. This connection
is given by
Γαµν := ha
α∂νh
a
µ = −haµ∂νhaα, (2)
and is characterized by the property that
∇(Γ)ν haµ := ∂νhaµ + Γµλνhaλ ≡ 0, (3)
where the operator ∇(Γ)ν is the covariant derivative with
respect to the Weitzenbo¨ck connection. The connection
(2) will also be referred to as the canonical connection.
The relation (3) is known in the literature as the AP-
condition.
The non-commutation of an arbitrary vector fields Va
is given by
∇(Γ)ν ∇(Γ)µ Vaα−∇(Γ)µ ∇(Γ)ν Vaα = RαǫµνVaǫ+T ǫνµ∇(Γ)ǫ Vaα,
where Rαǫµν and T
ǫ
νµ are the curvature and the tor-
sion tensors of the canonical connection, respectively.
The AP-condition (3) together with the above non-
commutation formula force the curvature tensor Rαµνσ
of the canonical connection Γαµν to vanish identically
[21]. Moreover, the parallelization vector fields define
a metric tensor on M by
gµν := ηabh
a
µh
b
ν (4)
with inverse metric
gµν = ηabha
µhb
ν . (5)
The Levi-Civita connection associated with gµν is
Γ˚αµν =
1
2
gασ (∂νgµσ + ∂µgνσ − ∂σgµν) . (6)
In view of (3), the canonical connection Γαµν (2) is met-
ric:
∇(Γ)σ gµν ≡ 0.
The torsion tensor of the canonical connection (2) is de-
fined as
Tαµν := Γ
α
νµ − Γαµν = haα (∂µhaν − ∂νhaµ) . (7)
The contortion tensor Kαµν is defined by
Kαµν := Γ
α
µν − Γ˚αµν = haα ∇(˚Γ)ν haµ. (8)
where the covariant derivative ∇(˚Γ)σ is with respect to
the Levi-Civita connection. Since Γ˚αµν is symmetric, it
follows that (using (8))
Tαµν = K
α
µν −Kανµ. (9)
One can also show that:
Tαµν = Kαµν −Kανµ, (10)
Kαµν =
1
2
(Tναµ + Tαµν − Tµαν) , (11)
where Tµνσ = gǫµ T
ǫ
νσ and Kµνσ = gǫµK
ǫ
νσ. It is to
be noted that Tµνσ is skew-symmetric in the last pair of
indices whereas Kµνσ is skew-symmetric in the first pair
of indices. Moreover, it follows from (10) and (11) that
the torsion tensor vanishes if and only if the contortion
tensor vanishes.
3B. f(T ) gravity
The Weitzenbo¨ck space is characterized by auto paral-
lelism or absolute parallelism condition, i.e. the vanish-
ing of the tetrad’s covariant derivative ∇(Γ)ν haµ ≡ 0. The
derivative operator ∇(Γ)ν is lacking covariance under local
Lorentz transformations (LLT). As a result, all LLT in-
variant geometrical quantities are allowed to rotate freely
in every point of the space [22]. Consequently, we cannot
fix 16 field variables of the tetrad fields by 10 field vari-
ables of the symmetric metric, the extra six degrees of
freedom of the 16 tetrad fields need to be fixed in order
to identify exactly one physical frame.
In the teleparallel space, there are three independent
invariants, under diffeomorphism, may be defined as
I1 = T
αµνTαµν , I2 = T
αµνTµαν and I3 = T
αTα, where
Tα = Tν
αν . These can be combined to define the in-
variant T = AI1 + BI2 + CI3, where A, B and C are
arbitrary constants [22]. For a fixed values of the con-
stants A = 1/4, B = 1/2 and C = −1 the invariant T
is coincide with the Ricci scalar R(˚Γ), up to a divergence
term; then a teleparallel version of gravity equivalent to
GR can be achieved. The invariant T or the teleparallel
torsion scalar is given in the compact form
T := TαµνSα
µν , (12)
Sα
µν :=
1
2
(
Kµνα + δ
µ
αT
βν
β − δναT βµβ
)
, (13)
where the superpotential Sα
µν is skew symmetric in the
last pair of indices. We next highlight the following use-
ful relation which relates some geometric quantities of
physical interests in the Riemannian and the teleparallel
geometries.
R(˚Γ) = −T (Γ) − 2∇(˚Γ)α T ναν .
Since the second term in the right hand side is a total
derivative, the variation of the right (left) hand side with
respect to the tetrad (metric) afford the same set of field
equations. Using the teleparallel torsion scalar instead of
the Ricci scalar in the Einstein-Hilbert action provides
TEGR. In spite of this quantitative equivalence they are
qualitatively different. For example, the Ricci scalar is
invariant under local Lorentz transformation, while the
total derivative term is not. Consequently, the torsion
scalar is not invariant as well. In conclusion, one can
say that the TEGR and GR are equivalent at the level
of the field equations, however, at their lagrangian level
they are not [23, 24], a recent modification by considering
non-trivial spin connections may solve the problem [25].
An interesting variant on generalizations of TEGR are
the F (T ) theories. Similar to the F (R) extensions of
Einstein-Hilbert action, one can take the action of F (T )
theory as
S(haµ,ΦA) =
∫
|h|
[
M2
Pl
2
F (T ) + Lm(ΦA)
]
d4x, (14)
where Lm is the lagrangian of the matter fields ΦA and
MPl is the reduced Planck mass, which is related to the
gravitational constant G by MPl =
√
~c/8πG. Assume
the units in which G = c = ~ = 1. In the above equation,
|h| = √−g = det (haµ). For convenience, we rewrite
F (T ) = T + f(T ) and note that the action (14) reduces
to GR in the case of a vanishing f(T ), i.e. F (T ) becomes
TEGR. The variation of (14) with respect to the tetrad
field haµ requires the following field equations [1, 26][
h−1haµ∂ρ (hha
αSα
ρν)− TαλµSανλ
]
(1 + fT )
+ Sµ
ρν∂ρTfTT − 14δνµ (T + f) = −4πΘµν , (15)
where f = f(T ), fT =
∂f(T )
∂T , fTT =
∂2f(T )
∂T 2 and Θµ
ν
is the usual energy-momentum tensor of matter fields.
It has been shown that TEGR and GR theories having
an equivalent set of field equations. However, their ex-
tensions f(T ) and f(R), respectively, are not equivalent
even at the level of the field equations. The presence of
a total derivative term in TEGR action would not be
reflected in the field equations, so it does not worth to
worry about it. However, its presence is crucial when the
f(T ) extension is considered [23–25]. As a result, f(T )
theories lack the local Lorentz symmetry. Also, it is well
known that f(R) theories are conformally equivalent to
Einstein-Hilbert action plus a scalar field. In contrast,
the f(T ) theories cannot be conformally equivalent to
TEGR plus a scalar field [27]. Short period these pi-
oneering studies have been followed by a large number
of works exploring different aspects of the f(T ) gravity
in astrophysics [28–40] and in cosmology [41–56]. Some
applications show interesting results, e.g. avoiding the
big bang singularity by presenting a bouncing solution
[28, 57–59]. For more details of f(T )-gravity, see the re-
cent review [60].
C. Modified Friedmann equations
In cosmological applications the universe is taken as
homogeneous and isotropic in space, i.e. Friedmann-
Robertson-Walker (FRW) model, which can be described
by the tetrad fields [61]. It can be written in spherical
polar coordinate x0 ≡ t, x1 ≡ r, x2 ≡ θ and x3 ≡ φ as
follows:
(hi
µ) =

1 0 0 0
0
L1 sin θ cos φ
4a(t)
L2 cos θ cos φ−4r
√
k sinφ
4ra(t)
−
L2 sinφ+4r
√
k cos θ cosφ
4ra(t) sin θ
0
L1 sin θ sinφ
4a(t)
L2 cos θ sinφ+4r
√
k cos φ
4ra(t)
L2 cos φ−4r
√
k cos θ sinφ
4ra(t) sin θ
0
L1 cos θ
4a(t)
−L2 sin θ
4ra(t)
√
k
a(t)

 ,
(16)
where a(t) is the scale factor, L1 = 4 + kr
2 and L2 =
4 − kr2. The tetrad (16) has the same metric as FRW
metric
ds2 = dt2 − a2(t)
[
dr2
1− kr2 + r
2dθ2 + r2 sin2(θ)dφ2
]
.
4Substituting from the vierbein (16) into (12), we get the
torsion scalar
T =
6k − 6a˙2
a2
,
= −6
(
H2 − k
a2
)
,
= −6H2(1 + Ωk), (17)
where the dot denotes the derivative with respect to time
t, the Hubble parameter H is defined as
H :=
a˙
a
. (18)
And the curvature energy density parameter Ωk is de-
fined as
Ωk :=
−k
a2H2
. (19)
Assume that the material-energy tensor is taken for a
perfect fluid Θµ
ν = diag(ρm,−pm,−pm,−pm). Using the
field equations (15), the modified Friedmann equations
for the f(T )-gravity in a non-flat FRW background can
be written as [26, 62, 63]
3H2 = 8π (ρm + ρeff)− 3 k
a2
, (20)
3(H˙ +H2) = −4π [ρm + ρeff + 3 (pm + peff)] , (21)
where the torsion gravity contributes in the field equa-
tions as an effective dark sector as
ρeff = − 1
16π
(f + 12H2fT ), (22)
peff =
1
16π
[
(f + 12H2fT ) + 4H˙(fT − 12H2fTT )
− 4k
a2
(fT + 12H
2fTT )
]
. (23)
The TEGR case is restored when f(T ) vanishes. One
can see that the conservation (continuity) equations when
matter and gravity are minimally coupled are
ρ˙m + 3H (1 + ωm) ρm = 0, (24)
ρ˙eff + 3H (1 + ωeff) ρeff = 0, (25)
where the matter EoS parameter ωm := pm/ρm is taken
as ωm = 1/3 for ultra-relativistic matter (e.g. radia-
tion) or as ωm = 0 for non-relativistic matter (e.g. cold
matter), while the EoS of the effective torsion gravity
ωeff := peff/ρeff can be identified by (22) and (23) as
ωeff = −1 + 4k(fT + 12H
2fTT )
a2(f + 12H2fT )
− 4H˙(fT − 12H
2fTT )
(f + 12H2fT )
.
(26)
D. The hidden flat-like universe summary
In a recent work we have proposed a hidden class of
f(T ) gravity constrained by FLU assumptions [1]. In the
spatially flat universe (SFU) we have shown that there is
a good chance to hunt a cosmological constant-like dark
energy by taking fT − 12H2fTT = 0, where T = −6H2
in the SFU model. This identifies a particular class of
f(T ) ∝ √T . However, we have taken a different path
allowing evolution away from the cosmological constant
without assuming spatial flatness, but enforcing the evo-
lution to be a flat-like. This has been achieved by taking
two assumptions [1]:
(i) The first assumption is by taking a vanishing coef-
ficient of k in (23), so
a2fT + 12a˙
2fTT = 0. (27)
As f(T ) in FRW spacetime is a function of time
f(T → t), one can use the chain rule
fT = f˙ /T˙ , fTT =
(
T˙ f¨ − T¨ f˙
)
/T˙ 3. (28)
Substituting from (28) into (27), then solve to
f(T → t) we get:
f(t) = Λ
+ λ
∫
e
∫
k2+(3a¨a−5a˙2)k+2a¨2a2+4a˙4−7a˙2a¨a+a˙...a a2
a˙a(a¨a−a˙2+k)
dt
dt,
(29)
where Λ and λ are two arbitrary constants.
(ii) The second is by taking a vanishing coefficient of k
in (29), so
3a¨a− 5a˙2 = 0. (30)
The second assumption is clearly independent of
the choice of the spatial curvature k, while the f(T )
itself depends on the choice k as it should be. Oth-
erwise, the three world models, k = 0,±1, will co-
incide on each other.
Solving (30) for the scale factor, we get [1]
a(t) = a0
[
3
3− 2H0(t− t0)
]3/2
, (31)
where a0 := a(t0), H0 := H(t0) and t0 is the cutoff time
usually taken at Planck’s time. In fact the above scale
factor and similar ones, e.g. [48], can be obtained as
a subclass of a more generalized family of scale factors,
called q˜-de Sitter [64], where q˜ is a free parameter. This
scale factor is an intermediate form between power-law
and de Sitter, where both dark energy and dark matter
5simultaneously are described by this family of solutions.
Then the Hubble parameter will be
H =
3H0
3− 2H0(t− t0) . (32)
Also, the deceleration parameter q := −aa¨a˙2 = −5/3. At
a large-Hubble regime, the density can be given as
ρeff → 1
16π
[
Λ +
81a20H
2
0λ
(3 + 2H0t0)3
]
,
which agrees with vacuum energy predictions of cosmic
inflation. Finally, we see that the FLU assumption (ii)
gives a scale factor consistent with cosmic inflation. This
makes the choice t ≈ 0 is a natural choice, when dealing
with the FLU model. Substituting from (31) into (27),
taking the power series at t = 0 we get [1]
f(t) =
∞∑
n=0
cnt
n, (33)
where n is a positive integer and the coefficients cn are
evaluated in terms of {t0, a0, H0, k, λ,Λ}, e.g. c0 = Λ,
c1 = −2τ0H0λk − 81a
2
0λ
8τ40H
2
0
, c2 = − 81a
2
0λ
4τ50H
2
0
− 16τ50H40λk2
81a20
, ...
etc, where τ0 = t0 +
3
2H0
. Substituting from (31) into
(17) the torsion scalar can be given as
T (t) =
6k[3− 2H0(t− t0)]5 − 1458a20H20
27a20[3− 2H0(t− t0)]2
. (34)
The inverse relation of (34) enables us to express the time
as a function of the teleparallel torsion scalar. After, easy
arrangements we can get the conventional form of the
FLU f(T ) theory as
f(T ) ∝
∞∑
n=0
αn√
(−T )n , (35)
where the coefficients αn consist of the same con-
stants as the coefficients cn. At inflation stage, where
T → ∞, the above f(T ) reduces to a constant, i.e.
f(T ) = α0 = Λ, then the effective torsion gravity acts
just like a cosmological constant with EoS ρeff = −peff.
When T decreases, deviations are strongly expected,
which again supports the choice of the torsion gravity
in the FLU model to describe inflationary universe epoch.
To summarize the FLU model, we note that, in f(T )
theories one needs two assumptions to obtain an f(T )
theory. This can be done by imposing a particular choice
of the scale factor in addition to a fixed EoS parameter
as inputs. As a matter of fact, the matter contribution is
usually neglected during inflation. In addition, choosing
a fixed EoS of the effective density and pressure of
the torsion gravity during inflation is far from being
correct, because we cannot assume a particular choice
of the EoS during this period. However, it is more
convenient to impose a physical constraint consistent
with the cosmic inflation leaving the effective EoS to be
identified by the model as a dynamical output parame-
ter as usually done in the scalar field inflationary models.
In the FLU, we also need two assumptions to constrain
the model. This is done by imposing the model assump-
tions (27) and (30) to be consistent with the FLU, aiming
to enforce the universe to act as the flat model whatever
the choice of k. As a result, we have obtained the so-
lution pairs (a(t), f(T )) as given by (31) and (33), re-
spectively. The model shows a satisfactory agreement
with cosmic inflation requirements. Then the model pro-
vides a dynamical effective EoS parameter as an output.
Consequently, the continuity equation, i.e. Friedmann
equations are automatically satisfied. This is similar to
the quintessence (scalar field) model, but here it is pow-
ered by a torsion gravity model. As mentioned in [1],
the FLU f(T ) theory does not reduce to TEGR. In other
words, the torsion fluid is not an ordinary matter, as it
should be during inflation, and cannot be covered by the
conventional TEGR or GR. This supports our choice of
leaving the EoS parameter to be identified by the model.
Finally, we find that the EoS, (26), for the three models
k = 0,±1, at a time large enough, evolves similarly to
same fate jumping by a quantized value 29 such that
ωeff =
peff
ρeff
=
{
−1,−7
9
,−5
9
,−1
3
, · · ·
}
,
as n increases by unity. So the FLU model has succeeded
to enforce the cosmic behaviour to the flat limit by the
end of the inflation period.
III. SINGLE FIELD WITH DOUBLE SLOW
ROLL SOLUTIONS
Assuming that the inflation epoch is dominated by the
scalar field potential only. The slow roll models define
two parameters as [65]
ǫ =
1
16π
(
V ′
V
)2
, η =
1
8π
(
V ′′
V
)
. (36)
These parameters are called slow roll parameters. Con-
sequently, the slow roll inflation is valid where ǫ ≪ 1
and |η| ≪ 1 when the potential is dominating, while the
end of inflation is characterized by Max(ǫ, |η|) = 1 as the
kinetic term contribution becomes more effective. The
slow roll parameters define two observable parameters
r = 16ǫ, ns = 1− 6ǫ+ 2η, (37)
where r and ns are called the tensor-to-scalar ratio and
scalar tilt, respectively. Recent observations by Planck
and BICEP2 measure almost the same scalar tilt param-
eters ns ∼ 0.96. However, Planck puts an upper limit
r < 0.11 which supports models with small r, the BI-
CEP2 sets a lower limit on the r > 0.2 which supports
6FIG. 1. At small conformal weight κ, the model predicts E-
and B-modes of polarization. At large κ, the model predicts
only E-mode one.
inflationary models with large r. We devote this Section
to investigate the capability of the slow roll models to
perform both Planck and BICEP2.
It is clear that Planck and BICEP2 observations agree
on the scalar tilt parameter value ns ∼ 0.963, while
they give different tensor-to-scalar ratios r. In order to
construct a scalar potential performing Planck and BI-
CEP2 data, we found that if the slow roll parameters
(36) satisfy the proportionality relation ǫ ∝ η2, this gives
a chance to find two values of η performing the same ns
but two different values of ǫ. Consequently, there are two
values of r. This can be achieved as follows: Using (37)
and the proportionality relation we have
ns = 1− 6(ǫ = κη2) + 2η,
i.e. η± =
1
6κ
(
1±
√
1 + 6κ(1− ns)
)
, (38)
where κ is a constant coefficient and η± are due to the
± discriminant. It is clear that there are possibly two
different values of the parameter η for a single scalar tilt
parameter ns. Accordingly, we have ǫ = κη
2 = 16/r
which provides double values of r for each ns. More con-
cretely, assuming the scalar tilt parameter ns = 0.963 [3]
and substituting into (38), for a particular choice of the
constant κ = 30; then we calculate two possible values of
η as
(i) The first solution η+ has a positive value of∼ 2.09×
10−2 which gives ǫ+ ∼ 1.31× 10−2.
(ii) The second solution of η− has a negative value of
∼ −9.34× 10−3 which leads to ǫ− ∼ 3.05× 10−3.
Surely both positive and negative values of η give the
same scalar tilt ns ∼ 0.963. Nevertheless, we can get
two simultaneous tensor-to-scalar ratios: The first is
r+ ∼ 0.21, while the other is smaller r− ∼ 4.9 × 10−2.
We conclude that the slow roll inflationary models which
are characterized by the proportionality ǫ ∝ η2 can per-
form both E-mode and B-mode polarizations [66], when
a negative value of η is observed near the peak of ϕ, it
would need to be offset by a positive value of η at some
later time over a comparable field range in order to get
ǫ to be small again during the period of observable in-
flation. Generally, at low values of κ, the model predicts
one small value of r as required by the E-mode polariza-
tion models, in addition to another higher value as re-
quired by the B-mode polarization inflationary models,
see Figure 1. Interestingly, at large values of κ, the model
predicts a single value of the tensor-to-scalar parameter
r± → 0.0987, which agrees with the upper Planck limit
r0.002 < 0.11 at 95% CL.
Moreover, we can investigate the potential pattern
which is characterized by the proportionality relation
ǫ = κη2. Recalling (36), this relation provides a simple
differential equation
κ V ′′2 − 4π V ′2 = 0,
with a solution
V (ϕ) = A+Be±2
√
pi
κ
ϕ, (39)
where A and B are constants of integration. In this way,
we found that Starobinsky model might be reconstructed
naturally from observations if we want our model to per-
form E-mode and B-mode polarizations.
IV. GRAVITATIONAL QUINTESSENCE
MODELS
As we mentioned in the introduction of this work, due
to the lack of the conformal invariance of the f(T ) the-
ories we have developed an alternative technique to map
the torsion contribution in the modified Friedmann equa-
tions into a quintessence scalar field. This technique
could allow to induce a gravitational quintessence model
from an f(T ) model, or inversely to reconstruct f(T )
gravity from a quintessence potential. In what follows
we give a brief of the used method
A. Torsion potential
In the FLU model, we have assumed the case when the
torsion potential is constructed by a scalar field ϕ. This
consideration suggests that the torsion and the contor-
tion to have the following semi-symmetric forms [1]
Tαµν =
√
3/2
(
δαν ∂µϕ− δαµ∂νϕ
)
, (40)
Kµνα =
√
3/2 (δνα∂
µϕ− δµα∂µϕ) , (41)
7where ∂µ = gµν∂ν . Substituting from (40) and (41) into
(12) the teleparallel torsion scalar can be related to the
gradient of the scalar field as
T = −9 ∂µϕ ∂µϕ. (42)
This relation is the cornerstone of the scalar field model
of this section. It allows to define a scalar field induced
by the symmetry of the spacetime through the telepar-
allel torsion scalar. In order to compare this model to
the standard inflation models and to simplify the calcu-
lations, we take the flat universe case. By combining the
relation (42) with (34); then the kinetic term of the scalar
field can be related to the cosmic time by
ϕ˙2 =
3
2(t− τ0)2 , (43)
where τ0 = t0+
3
2H0
. The integration of (43) with respect
to time gives the scalar field as
ϕ = ϕ0 ±
√
6/2 ln (t− τ0). (44)
In order to investigate the relation between the telepar-
allel torsion scalar and the inflaton field we perform the
following comparisons. At strong coupling the inflaton
can be related to the canonical scalar field Ω as [67]
ϕ = ±
√
3
2
logΩ, (45)
As a result, we have shown that the teleparallel torsion
scalar
T (ϕ) = −27
2
e±2
√
2/3(ϕ−ϕ0), (46)
plays the role of the canonical scalar field. Although in-
troducing an inflationary phase at an early universe stage
leads to solve some problems of standard cosmology, it
has not yet made direct connection with a unique fun-
damental theory. As a consequence, there is no way to
justify the main features of an inflationary model (e.g.
the shape of the potential). In our investigation of the
FLU model [1], we have shown that a quintessence po-
tential can be induced by f(T ) gravity. The mapping
from the teleparallel torsion to the scalar field ϕ, (46),
allows to write the effective density and the pressure as
ρeff → ρϕ = 1
2
ϕ˙2 + V (ϕ), peff → pϕ = 1
2
ϕ˙2 − V (ϕ).
(47)
In absence of matter, the Friedmann equation (20) reads
H2 =
8π
3
(
1
2
ϕ˙2 + V (ϕ)
)
− k
a2
,
and the continuity equation (25) transforms to the Klein-
Gordon equation
ϕ¨+ 3Hϕ˙+ V ′(ϕ) = 0.
FIG. 2. The evolution of the scalar field EoS-parameter. The
initial conditions of the set of parameters {t0, a0,H0,Λ} are
taken to fit with an early time phase as a0 = 10
−9, H0 =
109 s−1, t0 = tPl = 10
−44 s, ϕ0 = 2.7, λ = 0.3 and Λ =
10−30 s−2.
Substituting from (44) into (23), we write the proper
pressure in terms the scalar field as
pϕ = − Λ
16π
− λ
∑
n=0
βne
−n
√
2/3(ϕ−ϕ0). (48)
Same way can be used to identify ρϕ. As a result and to
make sure that the torsion contribution has been trans-
formed into a scalar field. In Figure 2, we plot the evo-
lution of the EoS-parameter ωϕ = pϕ/ρϕ of the obtained
scalar field for different values of n. The plots of Figure 2
show clearly that the EoS of the scalar field goes from a
ground value at ωϕ = −1 to higher values by a quantized
values 2/9 as the scalar field decays at different values of
n. This result matches perfectly our previous results us-
ing the classical treatment of f(T ) field equations [1]. In
particular for n = 3, the EoS evolves as ωϕ : −1→ −1/3,
which is in agreement with requirements of the cosmic in-
flation phase. We have suggested that the models with
n < 3 to represent cosmic inflation phases, while the
n > 3 models can be used for a later stage as ω > −1/3
which is more suitable for kinetic dominant stages after
inflation. In addition, we see that there is no physical
motivations to study models with n > 9 as ωϕ > 1 which
does not represent a physical matter so far. Finally, we
can identify the induced potential as [1]
V (ϕ) =
Λ
16π
+
3
4
e2
√
2/3(ϕ−ϕ0) + λ
∑
n=0
βne
−n
√
2/3(ϕ−ϕ0).
(49)
It is worth to mention that the obtained potential
covers different classes of inflation. For example, the
(n = 0)-model produces the following potential
V0 =
Λ
16π
+
3
4
e2
√
2/3(ϕ−ϕ0),
which is a combination between the cosmological con-
stant density (the first term) and the kinetic term (the
8second term). When the kinetic term is comparable to
the cosmological constant density, the (n = 0)-model is
typical to that obtained by (39). In conclusion, the po-
tential pattern can perform both E and B polarization
modes [1]. However, the potential never drops to zero
and the inflation never ends so that it needs an extra
mechanism to end the inflation. If the kinetic term is
negligible the model is a typical de-Sitter which can be
considered as a useful model in the late cosmic accelera-
tion rather than in the early cosmic acceleration phases.
Also, the (n = 1)-model produces the following potential
V1 =
Λ
16π
− 81λa
2
0
128πH20τ
3
0
+
3
4
e2
√
2/3(ϕ−ϕ0)
− 63λa
2
0
64πH20τ
4
0
e−
√
2/3(ϕ−ϕ0). (50)
The model allows to discuss two possible situations: (i)
If the kinetic term is not negligible, the potential shares
some features of the potentials required for cyclic uni-
verse models. (ii) If the slow roll approximation is con-
sidered, i.e. negligible kinetic term, the model gives a
quasi power law inflation which will be discussed in de-
tails in the next section. Moreover, it has been shown
that the (n = 2)-model produces Starobinsky-like model
[1]. The patterns of the potential are plotted in Figures
3(a)-3(c).
B. Quasi inverse power law inflation
In this section we discuss the induced potential up to
n = 1 in more details. In this model the term which
contains ∼ eϕ decreases as e−ϕ increases. This tells that
the kinetic term can be considered as negligible at certain
time which matches the slow roll condition ϕ˙2 ≪ V (ϕ),
then the effective slow roll potential (50) reduces to
V1 =
Λ
16π
[
1− 9λa
2
0
8Λτ40H
2
0
(
9τ0 + 14e
−
√
2/3(ϕ−ϕ0)
)]
.
(51)
It is clear that the effective potential is powered by an
exponential function in the scalar field. Inflation with an
exponential potential is also called power law inflation,
because this type of inflation is characterized by a scale
factor a(t) ∝ tp, where p > 1 [68]. The exponential
potential of the power law inflation model never drops to
zero. As a result, this model needs an extra mechanism to
end the inflation and can be considered as an incomplete
model. Fortunately, the potential (51) drops to zero as
9λa20
8Λτ40H
2
0
(
9τ0 + 14e
−
√
2/3(ϕ−ϕ0)
)
∼ 1.
This allows inflation to end naturally with no need to an
extra mechanism. We calculate the slow roll parameters
(a) n = 0
(b) n = 1
(c) n = 2
FIG. 3. Schematic plots of the scalar field potentials according
to the order of expansion of the f(T ) function. The initial
conditions of the set of parameters {t0, a0,H0,Λ} are taken
to fit with an early time phase as a0 = 10
−9, H0 = 10
9 s−1,
t0 = tPl = 10
−44 s and Λ = 10−30 s−2. The blue solid lines
are for λ > 1, the blue dash lines are for 0 < λ < 1, the red
dot lines are for 0 > λ > −1 and the red solid lines are for
λ < −1.
defined by (36) of the potential (51), the parameters are
ǫ1 =
1323λ2a40e
−2
√
2/3(ϕ−ϕ0)
2π
[
8Λτ40H
2
0 − 9λa20
(
9τ0 + 14e
−
√
2/3(ϕ−ϕ0)
)]2 ,
(52)
η1 = − 21λa
2
0e
−
√
2/3(ϕ−ϕ0)
2π
[
8Λτ40H
2
0 − 9λa20
(
9τ0 + 14e
−
√
2/3(ϕ−ϕ0)
)] .
(53)
9The subscript 1 is used to refer to the (n = 1)-model
or simply the potential (51). The slow roll parameters
(52) and (53) show that the model is satisfying the pro-
portionality ǫ = κη2, where the proportionality constant
in this case is κ = 6π. Remarkably, this relation is not
independent of the choice of the initial conditions, even
it allows the vanishing of the cosmological constant. The
number of e-folds N from the end of inflation to the time
of horizon crossing for observable scales is given by
N∗(ϕ) = −8π
∫ ϕf
ϕ
V
V ′
dϕ
= 4
√
6π
[
ϕ− 2
√
6τ0
63λa20
(
Λτ30H
2
0 −
81
8
λa20
)
e
√
2/3(ϕ−ϕf )
]
,
(54)
where ϕf is the value of the scalar field at the end of
inflation. At the end of inflation, i.e. Max(ǫ, |η|)=1, we
have ϕf = 2.7. In order to relate the slow roll parameters
to the number of e-folds before the end of inflation, we
use the inverse relation of the above equation1
ϕ = −
√
6
24π
f(N), (55)
where
f(N) =
[
N − 12πLambertW
(
τ0
(
81λa20 − 8Λτ30H20
)
126λa20
× eN−4
√
6piϕ0
12pi
)]
. (56)
Here LambertW function satisfies
LambertW(x)eLambertW(x) = x. Now the slow roll
parameters of the model read
ǫ(N) =
1323λ2a40 e
−f(N)
6pi
2π
[
8Λτ40H
2
0 − 81λa20τ0 − 126λa20 e
−f(N)
9pi
]2 ,
(57)
and
η(N) =
−21λa20 e
−f(N)
9pi
2π
[
8Λτ40H
2
0 − 81λa20τ0 − 126λa20 e
−f(N)
9pi
] .
(58)
In the following we show the model capability to predict
double tensor-to-scalar ratios (ǫ+, ǫ−) for a single scalar
tilt n±s value at a chosen suitable e-folding in the allowed
range 30 < N∗ < 60. For example at N∗ = 55, the di-
rect substitution in (57) and (58) identifies the values of
1 The asymptotic behavior of LambertW function is defined as [69]
LambertW(x) ∼ log(x)−log[log(x)]+
∞∑
m=0
∞∑
n=0
C
m
n
log[log(x)]m+1
log(x)m+n+1
.
FIG. 4. The slow roll parameters vs the e-folding number of
V1-model (51). The initial conditions of the set of parameters
{t0, a0,H0,Λ} are taken to fit with an early time phase as
a0 = 10
−9, H0 = 10
9 s−1, t0 = tPl = 10
−44 s, Λ = 10−30 s−2
and λ = 3.
TABLE I. The predicted parameters of the V1-model (51)
N 55 66 95
η+1 2.80 × 10
−2 2.86 × 10−2 3.22× 10−2
η−1 −1.03 × 10
−2 −1.09× 10−2 −1.45× 10−2
ǫ+1 1.48 × 10
−2 1.54 × 10−2 1.95× 10−2
ǫ−1 2.02 × 10
−3 2.26 × 10−3 3.95× 10−3
n±
s1 0.967 0.965 0.947
r+1 0.237 0.247 0.312
r−1 3.23 × 10
−2 3.61 × 10−2 6.31× 10−2
the slow roll parameters as ǫ1(N∗) = 1.48 × 10−2 and
η1(N∗) = 2.80 × 10−2. As a result, the inflation param-
eters are evaluated as ns1 = 0.967 and r1 = 0.237 which
gives a tensor-to scalar ratio exceeding the Planck upper
limit, while the relation ǫ = κη2 provides another hidden
values. These values can be obtained by carrying out the
following steps: To distinguish the new values from the
just obtained ones, we use superscript + for them, i.e.
η+1 , ǫ
+
1 , and so on. Using equation (38) we have another
hidden value of the slow roll parameter η1, we denotes
its value as η−1 . At N∗ = 55, we obtain its value as
η−1 = −1.03×10−2, it follows by another hidden slow roll
parameter ǫ−1 = κ(η
−
1 )
2 = 2.02× 10−3. Remarkably, the
last pairs are perfectly match the Planck satellite data
[3]; then the second pairs of the inflation parameters are
given as follows: The scalar tilt as expected has the same
value n−1,s = n
+
s1 = 0.967, so we denotes the unique value
10
of the scalar tilt of this model as n±1,s = 0.976, while the
tensor-to-scalar ratio is r−1 = 3.23 × 10−2. As clear the
last inflation parameters’ pairs are in agreement with the
Planck data. In conclusion, we find that the (n = 1) slow
roll inflation model which is characterized by the relation
ǫ1 = κη
2
1 can perform a double attractors of the inflation:
The first predicts an B mode polarization with a large
tensor-to-scalar ratio r+1 = 0.237 in addition to a second
solution predicting E mode with a small tensor-to-scalar
ration r−1 = 3.23 × 10−2, while both predict a unique
value of the scalar tilt n±s1 = 0.967. In Figure 4, we plot
the double pairs of the inflation parameters vs the num-
ber of e-folds before the end of the inflation. Also, we
give in Table I a detailed list of the parameters expected
by the model at different e-folding numbers.
V. CONCLUSIONS
In the present article, we have summarized the FLU
model. In which we have identified a special class of
f(T ) gravity model, that cannot by covered by TEGR or
GR theories. The FLU has been verified to be consistent
with the early cosmic inflation.
We have discussed the potential pattern fulfilling the
requirements of performing both E and B modes of the
CMB polarization. Also, we have studied a new tech-
nique to induce a scalar field potential from f(T ) grav-
ity by considering that the teleparallel torsion is a semi-
symmetric one when the torsion potential is made of a
scalar field.
By applying the slow roll conditions, we have shown
that the derived potential up to n = 1 can be classified
as a quasi inverse power law inflation model. However,
its potential contains an additive constant allowing the
potential to drop to zero. This can provide a graceful
exit inflation model with no need to an extra mechanism
as in the power law inflation model.
We have shown that the obtained potential is coincide
to the generic potential which allows E and B modes of
polarization. The calculated slow roll parameters can be
split into two different solutions allowing double values
of the tensor-to-scalar ratio: At N∗ = 55, the first is
small enough to match the Planck satellite data r−1 =
3.23× 10−2, while the second is large enough to produce
gravitational waves at the end of inflation as r+1 = 0.237.
However, the double solutions predict exactly the same
scalar title as n±s1 = 0.967.
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